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Estimating Static Fields

Examples
of point
and Ilne Images of lightning rod, power line corona, and 0.1 micron
f|e|d integrated circuits removed due to copyright restrictions.
emission

D, _j E-dZ ccr™* (spherical case), or o In r (cylindrical case)

R/\

- “Surface area = 2nrL
Surface = 4nur? 00 TTe-e- :

Spherical geometry Cylindrical geometry
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Simple Static Example

b
Spherical breakdown 3 a v
— ! E@=-2
| li
— . V,4 V
Q-=[ Defda=4nr%E, () = E ()= Q__ Yaima _Vaa
A Amer Amer r
li
b b
V, = | E(r)dr = 2 | dr:_gﬂg_g); © Q=V,4nea
a Are Ja p2 4ne\b a) 4nea J q
(b>>a) V)=
Arer
Lightning rod: a=1mm, V> 104 volts = 107 V/m breakdown/corona
Power line: a=1cm,V>10°volts = 10" V/m breakdown/corona

Integrated Circuit: a=0.1um, V =1 volt = 10’ V/m breakdown/corona
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SOLVING FOR STATIC FIELDS

Approaches When given p, J:

X
Use (Dp = j-v de =-VO p*
Pq E
E-_[ ¢ Pq v Superposition dVy / Tt /<
P jvq Pq 47cer2 integrals )
_ ( [, g
H, = dv, Biot-Savart Law
P IV adn |- |2 ; y Vs

Approaches when given ®, ¥ on boundaries:

Use Laplace’s Equation. Derivation:

EIectric:VXE=B%—I?:O(statics):E:Wdl p=0 =V.E=0=V’®d=0

Magnetic : VXH=%—?=O(S’[atiCS;j=O):>H=WT. Ve =0 = V¥ =0
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SEPARATION OF VARIABLES

Static charge-free regions obey Laplace’s equation:
Electric potential VZCD(T ) =0 Magnetic potential VZT(T) =0
Assume O(x,y) = X(x)Y(y)

2
V2 — o’ (i) o° C? « d°yY _
OX oy
2
1d >2<: 1d% —k*"separation constant"
X dx Y dy®
Solutions:
|
d*x .
~=—-K"X = X(x) = Acos(kx) + Bsin(kx)
dd;(Y > For k2> 0;
7= kY = Y(y) = Ccosh(ky) + Dsinh(ky) (swap X,y
y 7 Ifk2<0)

or: Y(y) = Ce¥ + D'e™ (equivalent to above)
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SEPARATION OF VARIABLES

Solution to Laplace’s equation when k2 = O:

1 d*°X 1 d%Y
D(x,y) = XY(Y) = S —7 =—— -7 =0
42X X dx Y dy

=0 = X(X)=Ax+B -
dx
2

> =

Y 0o Y(y) = Cy + D r O(x,y) = (Ax + B)(Cy + D) D(x.y)

> =

J

Given ®(x,y)
Example, Cartesian coordinates: 0

{® = (Ax+B)(Cy+D) =0 at x=0 forall y} = B=0]
{® = (Ax+B)(Cy+D) =0 at y=0 forall x} = D =0 ¢ @ = xyd/L,L,
{®=0,atx=L,,y=L} = AC=d/L,L,

7

& is matched at all 4 boundaries
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CIRCULAR COORDINATES

Separation of Laplace’s equation:
Only in cartesian, cylindrical, spherical, and elliptical coordinates

Circular coordinates:

10, 00, 1,0°d r
VZD(r,0) ==—(r =0
(r.6) rar( arz: (892) L 46 Jﬁx
I
® =R(r)O(0 =—= =m?’
MeE) = =<2
Solutions (pick the one matching boundary condition):
d(r,0) = (A+B6)(C+Dlinr) for m*— g
d(r,0) = (AsinmO+BcosmO)(Cr™ + Dr ™) form’s g

@(r,0) =[AsinhmO + Bcosh m@)[Ccos(mInr)+Dsin(mInr)] for m* <0
Example —conducting cylinder (m =0): , io
\/

O(r,0)=C+D Inr = V[2 (Inr/InR)](r = R); @(r,0) =V (r <R) ) r
= ~1 0 Vv
E(r)=—Vd = —(r—r+6?%) B [VIm] (r > R) G=ooR
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INHOMOGENEOUS MATERIALS

Governing Equations:
~=gE=¢g,E+P

J=0oE

V.E:pf

V'ﬁ:_pp

Non-unif&rm Conductivity o(x) (e.g., doping gradients
Note: Non-uniform [N PN junctions):

Assume o =-—0_ [S/m]

14+ X conductors have free x |1
L charge density p;and L--
_ 3 JO(1+%) polarization charge J [A/m?]
E= o X = [Vim]  density p, throughout.
(0]
_ _ 0-
_ Jo(1+7)
pf=VoD=VogE:sd > L :8J° [C/m®] L]
dx| o, oL I' IA]
3 (14%)] _
— _VeP—=_Vel(s— c_ _ d 0 L __(8 8o)‘Jo 3
pp=—VeP=-Ve(c—g,)E=—(c SO)dX o = ol [C/m~]
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INHOMOGENEOUS PERMITTIVITY

Governing Equations:
jZGE DZSEZSOE-HS V0|j=pf VQP:—p

p
Example, Non-uniform Permittivity g(x):
Assume: 8:80(”%) [F/m] L
- Eett) g Do o E
] e () U+ 10 volts
V
_ — O — = _ Y
v_jOEde_ 0 —dx=ELIn2[y] = o= s [Vm]
+_
L
- oV
Therefore: E=X . [V/m] Note: Non-uniform E(x)
LIn2(1+ %)
L
Py =~V oP =~V o (D-,E) = £,VE = (V/Llnz)dim 2y = =
X L2In2(1+%)2

Non-uniform dielectrics have polarization charge density p, throughout.
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